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(8) and introducing the voltage ratio from Eq. (11) gives

(5 (B = K
® = 4pacM (w) 2+ 0,16, (12)

Equation (12) shows the dependence of the power output on
the wall conductances for fixed voltage ratio and mean veloc-
ity. For a given K and @, the power is a maximum when
6, + 6; = 0, corresponding to perfectly insulating boundaries.

It is of interest to express the power output in terms of the
pressure gradient. A relationship between mean velocity
and pressure gradient can be obtained in the form

-  (w/w)(dP/dx) a3
“ = RMK/@2 + 6+ )] — [M3/(M — tanhi)]

Combining Eqgs. (12) and (13) gives
AMAL/w)(K) (A~ K){w'/w) (dP/dx)*

2MK e :
2+ 6, + ) <2+01+32_M—tanhM>

® = (19)

The voltage ratio that maximizes the power output can be
obtained by setting the derivative of @ with respect to K
equal to zero. It is clear that the optimization can be done
at either constant mean velocity or constant pressure gra-
dient. If one of these parameters is held constant while the
external loading conditions are changed, the other parameter
must adjust itself in a manner ecompatible with the equation
of motion. From Eq. (12), the condition

O®/0K)z = 0

gives K = % as the optimum voltage ratio at constant mean
velocity. From Eq. (14), the condition

O®/OK)apjaz = 0
gives

1

1 + {(tanhM — M)z/[M(2 + 8.+ 6)1}

K =

as the optimum voltage ratio at constant pressure gradient.
There is thus a distinetion between power optimization at
constant mean velocity (or mass flow rate) and constant pres-
sure gradient in that the latter case depends on the Hartmann
number M and the wall conductances.

A final relationship of usefulness is that between the ex-
ternal load resistance R and the voltage ratio K. From Eq.
(7), the total current per unit length of generator can be
written as

I = 2caBw(l — K) (15)
The total current also is related to the external load through
the relation
LE, _  LKaB,

I =~ 7 - 7 Dopen (16)

Equating Egs. (15) and (16) and substituting for ®open from
Eq. (7) gives the results

m= (o) fK) = B <1 %) o7

1 1
K= T erEer o+ 1+@ym

and

Equations (17) and (18) show the influence of the wall con-
ductances on the relationship between external load and
operating voltage ratio. Equating Eq. (18) to the values of
K, which optimize the power output, then establishes the
relationship between external load resistance and internal re-
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sistance of fluid and channel walls which must be satisfied for
maximum power output. For constant mass flow rate, the
ratio of internal to external resistance which maximizes the
power output is

R*/R =1 (19)

For constant pressure gradient operation, the corresponding
ratio is

R* 2 (tanhM — M)

=1 gy

E ' T uE+ o+ o) (20)
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Transient Radiation Heating of a
Rotating Cylindrical Shell

W. E. OumsTEAaD,* L, A. PERALTA, T AND S. RaYNORE
Northwestern Unwversity, Evanston, I.

Nomenclature

radius of the cylinder, ft

wall thickness (assumed to be small compared with the
radius), ft .

thermal éonductivity of the wall material, Btu/ft hr °R

<

©w

k =

7 = Stefan Boltzmann constant = 0.1717 X 108 Btu/ft?
hr °R*

¢ = gpecific heat of the wall material, Btu/lb °R

p = density of the wall material, 1b/ft3

a = average (with respect to wave length and angle of in-

cidence) absorptivity of the wall material
average total hemispherical emissivity of the wall
material for the spectrum of wave length radiated by
the cylinder
K, = energy received from the sun by a plane perpendicular
to the “line of vision,” Btu/ft?hr
Kn(t) = energy received from the thermal radiation pulse by a
plane perpendicular to the “line of vision,” Btu/

2
I

ft2hr

¥ = angular position fixed with respect to the rotation
cylinder

] = angular position fixed with respect to the heat sources

Introduction

BRIEF survey of the literature pertaining to the heating

of rotating shells by radiation can be found in Refs. 1

and 2. The problem considered here is that of a thin-walled
circular cylinder, rotating with uniform veloeity about its
geometric axis. Initially, it has a temperature distribution
corresponding to the equilibrium state with the solar radia-
tion. It is then suddenly exposed to a time-dependent source
of radiation. It is assumed that no heat exchange takes
place inside of the cylinder and that external heat losses
occur by thermal radiation only. Furthermore, it is assumed
that the time-dependent source is on a “line of vision’ be-
tween the cylinder and the sun (the equations easily can be
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Fig.1 The coordinate system.
modified for arbitrary position of the sun). The distances be-

tween these two heat sources and the axis of the cylinder are
considered constant and very large compared with the
cylinder diameter and cylinder length. The length of the
cylinder is large compared with the cylinder diameter so that
no heat flow takes place in the axial direction, and therefore
all calculations are made per unit length of the cylinder.

Differential Equation and Solution

The governing differential equation for the temperature as
defined in a frame of reference fixed relative to the heat
sources (Fig. 1) is

0T  ger? r2aKN(t)
oL __ o my ot +9 =
o T ks LT Ths o8 + g c0s*
r2 oT  oT
T (—w %t 5) O
where

_ feosb —~ (x/2) < 0L (w/2)
wosto = {00 S S S G

Define
T@,t) = Tu0)[1 + T6,)] @)

where T(0,t) < 1, and T,(f) is the steady state temperature
distribution due to solar radiation. Henece, the initial condi-
tion follows:

70,0 = 0 3)

In Ref. 1, the steady state temperature distribution due to
solar radiation is expressed as

T(6) = Toll 4 Ti(0)] 4

and the solution is obtained in closed form for T,(0) < 1,
with the average temperature determined as

Ty = (aK,/moe)lit (5)

Neglecting second-order terms, it follows from Eq. (2) that
T8 ~ Toll + T.(6) + T(0,0)] ®
T40,) =~ 4T} + Tu(6) + T(6,0)] ™

Substitution into the differential equation yields

2T, doer?Ty! per2wTy d_fl",
{T"dez_ T (+T>+~— +

k df
r2akK, T 4ger*Tyt .  perwTy OT
+ — —_— =
ks O 0} + {T" o~ ks Tk o8
pcr?To T rfaKy(t) +
per fo XL Y =
P o i 0 (8

The quantity in the first pair of braces is identically zero,
since it constitutes the differential equation for the tempera-
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ture variation due to solar radiation as derived in Ref. 1.
Thus remains the differential equation for the temperature
variation due to time-dependent radiation source,
27 P .
b___ oT P le

+%£_% 5% _—%f(t)cos‘*t? )

where

a = 4ceTo3/pcs = k/pcr?
= aN/rTopcs KN(t) = Nf(t)

The quantity N is some dimensional constant (Btu/fthr),
which is to be specified for a particular problem.

Performing a Laplace transform with respect to time on
Eq. (9) with initial condition given by Eq. (3) yields

&  wdr fa p) T,
d—02+5d0 (B—I-ﬁ)T— Bf(p) cost@  (10)

where L{T(0,0)} = 7(6,p) and L{f®)} = f(p).
Since T', T, = are periodic functions of 8, = can be expanded
in a complex Fourier series in § as

W00 = Y Culp)em (i1)

n=—o

Cu(p) can be computed from Eq. (10) by multiplying by
e~ and integrating with respect to 0 in the limits from 0 to
2m, yielding

31 f(p)
8+ a—1inw+p

2x .y
Culp) = L cosH0! e=in’ 49’ (12)
Substituting Eq. (12) into Eq. (11) and formally inverting
the transform yields

'f’ E Z (f cost@le—int’ d0’) X
L1 [ f(p)
n6 + a — tnw + p

Carrying out the integration indicated in Eq. (13) and invert-
ing the transform by means of the convolution theorem yields
the following expression for the transient temperature distri-
bution:

] e (13)

TO.H = 1.0 {1 + pao(t)e + %_w e—(B+a) %

[a:(8) cos(6 + wt) 4 bi(f) sin(6* wit)] +

Z( 1)"

,,_ 1 4n? —

e~ (g, (1) cos2n(d + wi) +

boa(t) sin2n(8 + wt)]} (14)

" where

anlt) = ﬁ F 00BN cosnen d) (15)

but) = fo * FONeBr+ N sinpeh d) (16)

Numerical Example for a Nuclear Weapon

As a particular example of the forementioned, consider
the time-dependent radiation as that of a nuclear weapon.
A nondimensional plot of the power output vs time is given in

Ref. 3. It was found that a good curve fit resulted from a
series of six terms of the form
6
) = % G =Dt an
1=1
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Fig. 2 Temperature distribution in a nonrotating
cylinder.

with the constant N given as
N = Ppax/4wd?

Prax is the maximum radiative power of the weapon, and
ty is the time required to achieve that value. The distance
from the cylindrical shell to the weapon is given by d.

For the curve fit, the value 6, = 0.35 was chosen to give
proper behavior as ¢ —> «. The values of G; are Gh =
0.574, G2 = 0.090, G5 = 39.181, Gy = —146.052, G5 = 176.776,
and G5y = —70.568.

Using Eq. (17), the coefficients a,(f) and b,(¢) can be evalu-
ated by quadrature of Eqs. (15) and (16):

6

G
a0 = 2 Gtk o gy e %

{e@Bn*Ta—v)t [(Bn2 - o — ;) cosnwt |+ nw sinnwt] —
Bnt+ a—v)} (18)

6
G
ball) = };1 B + @ — v)F + it
{eBn*ta—7)i [(Bn? + o — ;) sinnwt — nw cosnwt] + nw}
(19)

where
L =2

H

Bnt 4+ o — v; =0
tur

The parameters describing the cylindrical shell were chosen
asr = 1ft, s = 335 ft, & = 100 Btu/ft hr°R, ko/c = 3 ft2/hr,
and K, = 442 Btu/ft?hr. From this follows: T, = 535.1 °R,
a = 0.00175 sec™, and 8 = 0.000833 sec ™.

Specifying a 1-megaton weapon, the formulas of Ref. 3
give Po.x = 126.5 X 102 cal/sec and ¢y = 1 sec. Further,
choosing d = 11 miles gives u = 0.0422 sec™. With these
numerical values the temperature distribution was computed
for three special cases.

For the case of zero speed (w = 0), the temperature distri-
bution was computed and plotted in Fig. 2 for several values
of angle 8. At time zero, the distribution is that given by
Ref. 1 for solar heating at zero speed.

For the case of very high speed (w~> =), the initial tem-
perature is uniform, ie., Ts = To = 535.1 °R. The tempera-
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Fig. 3 Temperature distribution in a rotating cylinder.
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ture variation with time is identical for all positions ¥ on the
cylinder. This variation is plotted in Fig. 3.

For the case of finite speed (w = 0.832 rad/sec), the initial
temperature distribution is still essentially uniform. The
point on the cylinder which attains the highest temperature is
located initially by ¢ = 1.135rad. The temperature history
of this position is given in Fig. 3.
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Sphere of Influence in Patched-Conic
Methods

Jack W. CRENSHAW*
General Electric Company, Daytona Beach, Fla.

HE so-called “patched-conic” method as an approxima-

tion of space trajectories is well known and widely used.
In this method, each portion of the trajectory is treated as a
two-body trajectory about the most influential body. At
some point on a trajectory between two attracting bodies,
these two bodies are equally influential, and the locus of such
points is a roughly spheroidal surface. This surface is called
the “sphere of influence,” although, as will be seen, it is not
truly spherical.

At this sphere of influence, a transition is made from one
attracting body to the other by matching the relative position
and velocity in the appropriate conic trajectories. Obviously,
the choice of the surface at which the matehing takes place is
important to the overall result. A philosophy for choosing
this surface can be developed by considering the desired end
result: that the errors be minimized. This criterion can be
stated mathematically, and other authors® =2 have derived the
approximate surface that results. (For the most complete
such derivation, see Plummer.®) For practical reasons, the
resulting spheroid almost always is further approximated by a
sphere, 47510

If one is to use the patched-conic method with confidence,
it 1s imperative that one be able to place bounds on the errors
incurred. This means that one must examine each simplify-
ing assumption and its effect. One such assumption is that
of the shape of the sphere of influence, and for this reason an
exact determination of its shape is desirable.

In studying the patched conic method, one need consider
only three bodies at a time, since the sphere of influence
always is determined by the two major attracting bodies.
Figure 1 shows a three-body system (M, My, V) that is re-
stricted only in the sense that the mass of the vehicle V is
assumed negligible. It is assumed that the mass M; is
greater than M,. The radius vector convention uses capital
letters to denote vectors from M; and lower case letters to
denote those from M, The angle ¢ is defined by the dot
product

e —rRy cosf (1)

y =
00«
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